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Abstract

The quantitative features of cross-sectional stock returns, such as the momentum
and a predictive power of dividend yields on future returns, are not fully understood
within a general-equilibrium asset-pricing framework. Especially, the momentum is
often considered to be hard to reconcile with the e¢ cient market hypothesis. I cal-
ibrate a model with two Lucas trees and the recursive utility. Two trees represent
an individual stock (or portfolio) and the rest of the stock market, respectively. The
recursive utility is used to provide more realistic predictions on the equity premium
and a risk-free rate. The model�s predictions on an average individual stock�s divi-
dend yield, CAPM and C-CAPM betas, and the gain from a diversi�cation, match
reasonably with the data. More importantly, the model is able to generate the mo-
mentum pro�ts reported by Lewellen (2002), as well as a cross-sectional regression
slope of returns on lagged dividend yields that is close to empirical observations.
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1. Introduction

The momentum e¤ect in the stock market has been empirically documented by several

studies. Jegadeesh and Titman (1993) report that buying last year�s top 10% winners

and short-selling the bottom 10% losers provides a 8.2% annual pro�t on average. As

Fama and French (1996) report, the momentum does not seem to disappear even after

the risk factors that determine the cross-sectional properties of returns are controlled for.

At a �rst sight, this anomaly seems to be unable to reconcile with the e¢ cient market

hypothesis. That is, if the stock market is competitive, prices should adjust quickly so

that the momentum strategies, which use already available information to form portfolios,

do not provide signi�cant pro�ts seemingly unrelated to risk factors.1

To understand this puzzle better, consider a theoretical question. Are there any prop-

erties in a general-equilibrium asset-pricing framework that force the evolution of cross-

1This motivated a series of behavioral apporaches in which, for example, investors are assumed to
underreact to �rm-speci�c news, compared to market-level news. However, this assumption cannot
explain the fact that the momentum arises more strongly for well-diversi�ed portfolios than for individual
stocks, and then vanishes at the market level. (See Lewellen (2002).)
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sectional returns to exhibit a momentum? The representative investor wants to diversify

her (wealth) portfolio. If a stock�s realized dividend growth is higher than realized con-

sumption growth, then the dividend now occupies a higher share of the consumption.

This may act for or against the investor�s diversi�cation motives. That is, it may happen

that the change makes the wealth portfolio less diversi�ed, which will, other things being

equal, discourage the investor to hold it. But a market equilibrium makes her happy to

do so, by decreasing a market price of the stock so that there is no excess supply. That

is, by the force of a market equilibrium, the stock now has a higher expected return,

as a compensation for a less diversi�ed wealth portfolio. On the other hand, if the new

dividend share turns out to provide a more diversi�ed wealth portfolio, then the market

equilibrium will lower the stock�s expected return. While this explanation is theoretically

approached by Cochrane, Longsta¤ and Santa-Clara (2008), this paper shows that it can

be quantitatively relevant.

The quantitative features of cross-sectional stock returns, regarding, for example, the

momentum, a price-dividend ratio (or its inverse, a dividend yield) and its predictive

power on future returns, CAPM and C-CAPM betas, and the gain form diversi�cation,

have been documented in many empirical studies. To understand them collectively in a

theoretical framework, one needs to extend a model of a single Lucas (1978) tree to that

of an orchard, incorporating many assets. But only recently researchers began to actively

pursue an orchard model to connect its predictions to empirical characteristics. (See, for

example, Menzly, Santos and Veronesi (2004) and Cochrane, Longsta¤ and Santa-Clara

(2008).) The literature does not have enough quantitative predictions from the model,

and even theoretical ones are limited to restricted environments on preferences or dividend

processes.

The goal of this paper is to study both theoretical and quantitative properties of

cross-sectional returns on individual stocks or portfolios, under the recursive utility (as

in Epstein and Zin (1989) and Weil (1989)), with two Lucas trees, each representing an

individual stock or a portfolio and the rest of the stock market. For preferences, I con-

sider the recursive utility which separates a risk aversion and the intertemporal elasticity

of substitution, providing relatively reasonable predictions on the risk premium and a

3



risk-free rate. For dividend processes, I consider dividend growth which is independent

and identically distributed (i.i.d.) over periods, which keeps the model more transparent.

From this property of dividend growth, we know that all cross-sectional dynamics includ-

ing the momentum come from the determination of equilibrium prices, and not from, for

example, an autocorrelation of dividend growth.

The model is tractable, having only two states for each tree ��high�and �low�div-

idend growths. As in the calibration of Mehra and Prescott (1985), a model of only two

states is simple, but captures most (if not all) stochastic dynamics. Solving the model nu-

merically, I discuss whether quantitative predications match with the data. For example,

the price-dividend ratio, CAPM and C-CAPM betas, and the gain from diversi�cation

match reasonably with the data.2

An important question is whether our �laboratory�based on this model can generate

a momentum. I construct (�ctional) portfolios that have stochastic properties of dividend

growths that di¤erent from each other, so that they become close to the ones studied in

empirical analyses. Those portfolios also provide reasonable expected value and volatility

of consumption growth, as well as a regression slope of returns on lagged dividend yields

reported by Menzly, Santos and Veronesi (2004). I show that the momentum pro�ts, em-

pirically reported by Lewellen (2002), can be generated from them. Further, as Lewellen

(2002) �nds as a source of the momentum, a cross-serial correlation between period-t re-

turn on one tree and period-(t+ 1) return on another is calibrated to be negative. These

results imply that the momentum does not necessarily contradicts the e¢ cient market

hypothesis or other assumptions in a general-equilibrium asset-pricing model, such as a

rational investor and a complete market.

In our model, the diversi�cation motives that generate the momentum are re�ected

in equilibrium prices. Therefore, if all risk factors are completely controlled for in an

empirical analysis, the momentum should disappear. For example, Lewellen (2002) reports

that a three-factor model of Fama and French (1993) largely explains the momentum in

2On the other hand, the model�s predictions on the equity premium, a risk-free rate and the return
volatility, can be further improved in a future research. But this comes from the original tree model with
the recursive utility, not from adding additional trees to the orchard. The model can be improved by
introducing more sophisticated environments, as in Bansal and Yaron (2004).
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size-sorted and book-to-market-sorted portfolios.3 While there is no consensus yet on this

issue, we may be able to understand the momentum more clearly with more advanced

techniques to control for risk factors.

1.1. Related Literature

The orchard model has not been explored enough, but its theoretical basis goes back to

a general N -tree solution in Lucas (1978). Two papers that are most closely related to

this paper are Cochrane, Longsta¤ and Santa-Clara (2008) and Martin (2009). Cochrane,

Longsta¤ and Santa-Clara (2008) consider two trees under the log utility. A departure of

this paper is to extend the preferences to more general recursive utility, in order to ob-

tain more reliable quantitative predictions. Martin�s (2009) extension considers constant-

relative-risk-aversion (CRRA) preferences with rare disasters (as in Barro (2006)). The

recursive utility in this paper can provide further insights on the CRRA because CRRA

is a special case of the recursive utility.

Another paper that considers an orchard model is Menzly, Santos and Veronesi (2004).

Their preferences are habit-formulated, while ours is recursive. Their dividend-growth

volatility is time-dependent and designed to provide relatively convenient solutions, while

ours is i.i.d. over time and provides transparent discussions. Their focus is mainly on the

P/D ratio, while ours includes the momentum, betas and others. Other orchard models

include Bossaerts and Green (1989), Bansal, Dittmar and Lundblat (2005), Santos and

Veronesi (2006), and Pavlova and Rigobon (2007).

2. Preliminaries

2.1. Orchard

Consider a closed two-tree endowment economy without storage. Trees A and B provide

DA
t and D

B
t units of period-t consumption goods, respectively, as fruits or dividends. The

3Lewellen (2002) reports that industry-level portfolios still have the momentum even under the three-
factor model.
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sum of them becomes the consumption, i.e., Ct = DA
t +D

B
t . Tree j�s dividend growth for

j = A; B is
Dj
t+1

Dj
t

=

�
gjH with probability �

j
H

gjL with probability 1� �
j
H

;

where gjH > gjL, independent and identically distributed over periods. The dividend

growths are allowed to be correlated between the trees.

This two-tree orchard can be understood as a simpli�ed model of an orchard with N

independent and identically distributed trees, in which N is large. To be speci�c, suppose

that there is an aggregate shock that a¤ects the probability distribution of individual

dividend growth. (Simply put, an individual tree is more likely to have higher dividend

growth if there is a �good�aggregate shock, and vice versa.) Then, labelling one of N

trees as tree A and the remaining N � 1 as tree B, we have the above two-tree orchard.
The Appendix 1 provides a more detailed discussion.

Table 1 provides the states of this economy. A share of tree A�s dividend at t is denoted

by st:

st �
DA
t

DA
t +D

B
t

:

Here, �1 + �2 + �3 + �4 = 1, �AH = �1 + �2 and �BH = �1 + �3. Consumption growth

and st growth in Table 1 are easily obtained by applying Ct+1=Ct = (DA
t+1=D

A
t )st +

(DB
t+1=D

B
t )(1 � st) and st+1=st = (Ct+1=Ct)(D

A
t+1=D

A
t ). A key observation is that as st

varies, the stochastic properties of Yt+1
Yt

and st+1
st

also vary. Hence, we know that each

tree�s price and expected return in an equilibrium will depend on st. In short, st serves

as a state variable.
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Table 1: States of the Economy

State Prob. A�s dividend B�s dividend Consumption st growth,
growth, DA

t+1=D
A
t growth, DB

t+1=D
B
t growth, Ct+1=Ct st+1=st

#1 �1 gAH (High) gBH (High) gAHst + g
B
H(1� st)

gAH
gAHst+g

B
H(1�st)

#2 �2 gAH (High) gBL (Low) gAHst + g
B
L (1� st)

gAH
gAHst+g

B
L (1�st)

#3 �3 gAL (Low) gBH (High) gALst + g
B
H(1� st)

gAL
gAL st+g

B
H(1�st)

#4 �4 gAL (Low) gBL (Low) gALst + g
B
L (1� st)

gAL
gAL st+g

B
L (1�st)

We now discuss the calibration of the orchard. According to the World Federation of

Exchanges, there are 5,602 U.S. companies (excluding investment funds) in American SE,

NASDAQ QMX and NYSE Euronext (U.S.), in 2008. We are interested in an average

individual stock. Hence, our focus in the model is around st = 0:02%. More broadly, the

market capitalization of top 10 companies in NYSE Euronext (U.S.) is 20.1%, and NYSE

Euronext (U.S.) occupies about 80% of the entire U.S. stock market in value. Hence, our

broader focus is on 0 < st < 2%.

Since an individual stock is small, the quantitative features of �the rest of the stock

market� (tree B) are close to the entire stock market. In Mehra and Prescott�s (1985)

calibration, net consumption growth has a mean of 1.8% and a standard deviation of

3.6%. The values gBH = 1:06 and g
B
L = 0:98, with �

B
H = �

B
L = 1=2, match with them. For

tree A, I assume that the expected dividend growth is the same as for tree B (i.e., 1.8%).

This is natural since tree A represents an average individual stock. We have to determine

the values for two more parameters. One is the volatility of tree A�s dividend growth.

The other is a correlation between tree A�s and tree B�s dividend growths. To do this,

I use the following two conditions. First, as discussed previously, if tree A and tree B

can be understood as 1 and N � 1 trees out of N independent and identically distributed

trees, we have a restriction on parameters, as Appendix 1 shows.4 Second, the expected

return on tree A (to be computed in a later section) is the same as the expected return

on tree B. This is, again, natural because tree A is an average individual stock. It turns

4This implies that we now only have to identify one parameter, ", as Appendix 1 shows.
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out that gAH = 1:12, gAL = 0:92, �1 = �4 = 0:35, and �2 = �3 = 0:15 satisfy these two

conditions. We will con�rm that the second condition is satis�ed later.

The quantitative descriptions so far provide the following properties of the orchard.

Figures 1-3 provide an illustration of these properties.

Properties of the Orchard: (1) Et [Ct+1=Ct] is constant and �t [Ct+1=Ct] is U-

shaped on st.

(2) fstg has a mean reversion to 0. Also, the volatility of fstg is inverse-U-shaped on
st.

(3) As st increases from 0 to 1, the correlation between DA
t+1=D

A
t and Ct+1=Ct in-

creases from 0.4 to 1.

(4) Stationary distributions are �1(s) = 1fs = 0g and �1(s) = 1fs = 1g.
In Property (1), Et [Ct+1=Ct] is constant because the expected dividend growth is

identical between two trees. Also, �t [Ct+1=Ct] is U-shaped because idiosyncratic risks

can be diversi�ed in a middle value of st. In Figure 1, �t [Ct+1=Ct] is minimized when st is

very low, close to 0. This is because tree A is more volatile than tree B, making itself less

attractive. It is not surprising that the level of st of our interest, st = 0:02%, provides a

well-diversi�ed portfolio. That is, our calibration focuses on an average individual stock,

and the wealth portfolio is the best diversi�ed by holding identical individual stocks.

Property (2) is depicted in Figure 2. Here, fstg tends to mean-revert to 0, even though
it almost follows a random walk. It is more volatile around 0.5. Property (3) is depicted

in Figure 3. Property (3) is straightforward from the fact that as st converges to 0, tree

A�s dividend converges to zero, and consumption converges to tree B�s dividend. So the

correlation between A�s dividend growth and consumption growth is the same as the one

between A�s and B�s dividend growths. On the other hand, as st converges to 1, tree A�s

dividend converges to the consumption, so the correlation converges to 1. Property (4)

provides two stationary distributions, although �1(s) = 1fs = 0g is more interesting for
our purposes.
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Figure 1: st vs. Et
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Figure 3: Correlation between Ct+1=Ct and DA
t+1=D
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2.2. Euler Equation

Since we have described the orchard, now we discuss how tree prices are determined. The

representative consumer has the recursive utility described as

Vt =
�
(1� �)C1��t + �(Rt(Vt+1))

1��� 1
1�� ; (1)

where

Rt(Vt+1) = [EtV
1�

t+1 ]

1
1�
 :

Here, Vt is the continuation utility index at period t, � is a time discount factor, � is an

inverse of intertemporal elasticity of substitution, and 
 is a risk aversion parameter. If

� = 
, the preferences collapse to CRRA with parameter 
. The preferences provide the

Euler equation for one-period asset j as

P jt = Et
�
mt+1X

j
t+1

�
; (2)
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where

mt+1 = �

�
Vt+1

Rt(Vt+1)

���
 �
Ct+1
Ct

���
: (3)

Here, P jt is asset j�s price at period t and X
j
t+1 is a random payo¤ at period t+ 1.

Two equations, (1) and (2), need to be rearranged for a calibration. Dividing both

sides by Ct, we write (1) as

Vt
Ct
=

24(1� �) + � "Et�Ct+1
Ct

Vt+1
Ct+1

�1�
# 1��
1�

35

1
1��

:

De�ne V �t � Vt=Ct to be the continuation utility index normalized by consumption. We
look for a function, V �(s), so that V � depends only on the state of the economy, s (in

which a time subscript is omitted). Then, based on the states of the economy described

in Table 1, we have to solve

V �(s) =
h
(1� �) + �A

1��
1�


i 1
1��

where

A = �1
�
(gAHs+ g

B
H(1� s))V �(�1)

�1�

+ �2

�
(gAHs+ g

B
L (1� s))V �(�2)

�1�

+ �3

�
(gALs+ g

B
H(1� s))V �(�3)

�1�

+ �4

�
(gALs+ g

B
L (1� s))V �(�4)

�1�

and

�1 = g
A
Hs=(g

A
Hs+ g

B
H(1� s)); �2 = g

A
Hs=(g

A
Hs+ g

B
L (1� s)); (4)

�3 = g
A
Ls=(g

A
Ls+ g

B
H(1� s)); �4 = g

A
Ls=(g

A
Ls+ g

B
L (1� s)):

With all parameter values given, the function, V �(s), can be numerically solved by

value-function iterations. However, the function can be analytically evaluated at two

extreme s-values, 0 and 1. To see this, notice that if s = 0, the state variable of the next

period, �k, for all k = 1; 2; 3 and 4, is also zero, providing the solution;

V �(0) =

"
1� �

1� �[(�1 + �3)(gBH)1�
 + (�2 + �4)(gBL )1�
]
1��
1�


# 1
1��

:
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We can similarly show that

V �(1) =

"
1� �

1� �[(�1 + �2)(gAH)1�
 + (�3 + �4)(gAL )1�
]
1��
1�


# 1
1��

:

These two analytical solutions can be used as initial guesses to accelerate the iteration.

We can also write (3) as a more convenient form with

mt+1 = �

0BBB@ V �t+1�
Et

�
Ct+1
Ct
V �t+1

�1�
� 1
1�


1CCCA
��
 �

Ct+1
Ct

��

:

Since we know the stochastic properties of Ct+1=Ct (given in Table 1) and V �t+1 (provided

by the numerical solution discussed above), we can now use (2) to price any asset j.

As examples, we consider two assets, a risk-free asset and the wealth portfolio, under

a special case in which st = 0. (Solutions for the prices under a general value of st are

discussed in the next section.) If st = 0, the model collapses to a familiar one-tree model.

First, consider a risk-free asset. A risk-free rate, rft , depends on the state, st. We write it

as a function, rf (s). If s = 0, then

1

1 + rf (0)
= �

"
Et

�
Ct+1
Ct

�1�
# 
��
1�


Et

"�
Ct+1
Ct

��
#
:

Second, consider the wealth portfolio. Divide both sides of (2) by Ct to have

PWt
Ct

= Et

26664�
0BBB@ V �t+1�

Et

�
Ct+1
Ct
V �t+1

�1�
� 1
1�


1CCCA
��
 �

Ct+1
Ct

�1�
 �
1 +

PWt+1
Ct+1

�37775 : (5)

De�ne PW�
t � PWt =Ct to be the price-consumption ratio (P/C) of the wealth portfolio.

A solution depends only on the state of the economy, st. Denote this solution by PW�(s).

If s = 0, then

PW�(0) =

�

�
Et

�
Ct+1
Ct

�1�
� 1��1�


1� �
�
Et

�
Ct+1
Ct

�1�
� 1��1�

:
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From here, the return on wealth portfolio is obtained by

1 + rWt+1 =
Ct+1 + P

W
t+1

PWt
=

Ct+1
Ct
+ Ct+1

Ct
PW�
t+1

PW�
t

:

So far, we have developed the pricing formulae for two assets under st = 0. In cali-

bration, we assume � = 0:97. Following an estimation of Chen, Favilukis and Ludvigson

(2009), we assume 
 = 57:5 and � = 0:6. The assumed value of � = 0:6 implies an in-

tertemporal elasticity of substitution of around 1.7. This value is reasonable, as discussed

in Bansal and Yaron (2004, p. 1492). The assumed value of 
 = 57:5 appears high for

risk aversion. For example, Mehra and Prescott (1985) argue that a reasonable upper

bound is around 10. However, in a relatively simple set-up like ours, high risk aversion

matches better with the data. For example, Weil�s (1989) estimate is above 40. Hansen

and Jagannathan (1991) also document a high level.

An attractiveness of the recursive utility, compared to constant-relative-risk-aversion

preferences, is more reasonable quantitative predictions on the risk-free rate and the

equity premium, even without additional restrictions such as rare disasters. However,

as we con�rm here, it does not provide a perfect �t with the data. (See, for example,

Donaldson and Mehra (2008) for a related discussion.) Inserting the assumed values, our

equations provide analytical solutions of rf (0) = 1:5% and Et[rWt+1jst = 0] = 5:5%, i.e.,

a risk-free rate of 1.5% and the expected return on wealth portfolio of 5.5%, when st is

0. Since our focus is on st = 0:02% which is close to st = 0, these values turn out to be

good approximations for rf (0:02%) and Et[rWt+1jst = 0:02%]. The returns data at Kenneth
French�s website and the CPI in�ation data by Bureau of Labor Statistics suggest that in

1946-2008, the annual real interest rate on 1-month treasury bill is 0.6% on average. The

annual value-weighted real rate of return on stocks is 7.7% on average.

2.3. Solving for Individual Returns

Now we consider the return on an individual tree for 0 < st < 1. To do this, we �rst

obtain the price-consumption ratio (P/C) and the price-dividend ratio (P/D). They vary

according to the state variable, st. Why? If P/D is constant on the contrary, the investor
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with diversi�cation motives will choose the most preferred level of st, no matter which level

of st is given. The prices (i.e., P/D ratios) should be determined in a market equilibrium

so that these two levels of st, desired and given, are always equated.

To quantitatively develop this result, we start from the Euler equation for tree A:

PAt = Et
�
mt+1(D

A
t+1 + P

A
t+1)

�
:

Divide both sides by Ct and de�ne PA�t � PAt =Ct to be the P/C ratio for tree A. Then,

PA�t = Et

26664�
0BBB@ V �t+1�

Et

�
Ct+1
Ct
V �t+1

�1�
� 1
1�


1CCCA
��
 �

Ct+1
Ct

�1�
 �
st+1 + P

A�
t+1

�
37775 ;

which is analogous to (5). Again, we look for a function, PA�(s) = PA�t (st). Since we

know V �t depends only on st, we can also write V
�
t as V

�(s) for a given state, s. Further,

we know Ct+1=Ct also depends on st+1, so we can write the consumption growth as gC(s)

for a given state s. We eventually solve for a function, PA�(s), satisfying

PA�(s) =
�
P4

k=1 �kV
�(�k)

��
gC(�k)
1�
 ��k + PA�(�k)��P4

k=1 �k (g
C(�k)V �(�k))

1�
� ��
1�

; (6)

where �k for all k is de�ned in (4). If s = 0, then PA�(0) = 0 is an obvious solution. An

interpretation is that if s = 0, then tree A does not pay any dividends in the future, so

its price is zero.

The function PA�(s) can be numerically solved by approximating (6) as a linear equa-

tion system. That is, write the equation as

PA�(s)� �
P4

k=1 �kV
�(�k)

��
gC(�k)
1�
PA�(�k)�P4

k=1 �k (g
C(�k)V �(�k))

1�
� ��
1�

=
�
P4

k=1 �kV
�(�k)

��
gC(�k)
1�
�k�P4

k=1 �k (g
C(�k)V �(�k))

1�
� ��
1�

:

Now de�ne a state vector, ~s = (0:01; 0:02; :::0:99). (This is only for an illustration. In an

actual computation, ~s should be more densely de�ned, including 0.02% as a component.)

Then, our equation system is expressed asAx = b, where x = (PA�(0:01); PA�(0:02); :::; PA�(0:99))0

and b consists of the right-hand side of the above equation evaluated at each element of
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~s. For A, de�ne I to be an identity matrix with the same size as A. For each ith

element of ~s, we compute the corresponding four values for �1; �2; �3 and �4 as fol-

lows. Consider �1, and suppose that the jth element of ~s is the closest to �1. Then,

add ���1V �(�1)��
gC(�1)1�
=
hP4

k=1 �k
�
gC(�k)V

�(�k)
�1�
i ��
1�


to element (i; j) of I. Do

similarly for all �2; �3 and �4; and for all elements of ~s; to obtain A. Then, apply the

Gauss-Siedel method to solve for x.

Once we solve for this P/C ratio, the P/D ratio can be easily obtained as

PAt
DA
t

=
PA�t
st
:

What is the P/D ratio in a special case of st = 0? Dividing (6) by s, sending s �! 0,

and solving for the P/D ratio, we have the P/D ratio going to in�nity. Then, the (net)

return on tree A at period t+ 1, denoted by rAt+1, satis�es

1 + rAt+1 �
DA
t+1 + P

A
t+1

PAt
=
Ct+1
Ct

st+1 + P
A�
t+1

PA�t
: (7)

For each state of st, four possible values for rAt+1 can be obtained from this equation since

we know stochastic properties of Ct+1=Ct, st+1 and PA�t+1.

Since our calibration approach is now fully described, we are ready to discuss the

calibration results.

3. Quantitative Implications

In this section, we discuss the quantitative implications of the calibrated model. We �rst

obtain the P/C and P/D ratios for an average individual stock (with st = 0:02%) and

compare them to the data. Using these ratios, we then obtain the expected returns.

The features such as CAPM and C-CAPM betas, the gain from the diversi�cation, and

the predictability of P/D ratio, are then discussed. Another feature, the momentum, is

discussed in Section 4. Table 2 summarizes the main results of this section.
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Table 2: Calibration: Assumed and Computed Values

(A) Assumed Values
Assumed Value De�nition (Reference)
�1 = �4 = 0:35; State probabilities
�2 = �3 = 0:15

gAH = 1:12, g
A
L = 0:92 Dividend growth of an individual stock

gBH = 1:06, g
B
L = 0:98 Consumption growth (Mehra and Prescott (1985))

� = 0:97 Time discount factor

 = 57:5, � = 0:6 Preference parameters

(Chen, Favilukis and Ludvigson (2009))

(B) Computed Values
Computed Value De�nition (Data)

rf (st = 0:02%) = 1:5% Risk-free rate (0.6%)
PA�(st = 0:02%)=0:02% = 30:0 P/D for an average individual stock
PB�(st = 0:02%)=99:98% = 29:2 P/D for the stock market (30, Menzly, Santos and

Veronesi (2004))
E[rAt+1jst = 0:02%] = 5:4% Expected return on an average individual stock
E[rBt+1jst = 0:02%] = 5:5% Expected return on the stock market (7.7%)

(slope)= 0:08 Regression slope of expected excess return on
CAPM betas (0.08, Cochrane (2005, Chap. 20))

�[rAt+1jst = 0:02%] = 10:1% Return volatility of an average individual stock
(49%, Statman (1987))

�[rBt+1jst = 0:02%] = 4:1% Return volatility of the stock market (18%,
Statman (1987))

�[rBt+1jst=0:02%]
�[rAt+1jst=0:02%]

= 0:4 Relative volatility (0.4, Statman (1987))

(slope)= 1 for the original set-up, Regression slope of returns on lagged dividend
and 2:4� 3:4 for a 5-portfolio case yields (2.9, Menzly, Santos and Veronesi (2004))

3.1. P/C and P/D Ratios

The numerical solutions for the P/C and P/D ratios of tree A are illustrated in Figure 4.

Our analytical solutions for them when st = 0 (i.e., a P/C ratio of 0 and a P/D ratio of

in�nity) are also con�rmed here. The P/C ratio is increasing as st rises. This is natural

because the tree delivers a higher share of consumption as st rises, so its price also rises.

When st = 0:02% (which is of our interest), the P/D ratio is 30.0. Since we interpret tree
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A as an average individual stock, this result is consistent with the P/D ratio of around 30,

for industry-level portfolios or for the aggregate stock market. (See, for example, Menzly,

Santos and Veronesi (2004), Figure 3, for years 1950-2002.) For an entire range of st, the

P/D ratio is U-shaped, with its minimum at around st = 0:5 or 0.6. For lower values

of st, the P/D ratio increases as st rises. One may interpret that a stock with lower st

is a growth stock, having high valuations (and, as we will soon con�rm, lower expected

values).

Figure 5 depicts the P/C and P/D ratios of tree B. When st = 0:02%, the P/D ratio

is 29.2, which is, again, consistent with the data.

Figure 4: P/C and P/D Ratios of Tree A
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Figure 5: P/C and P/D Ratios of Tree B
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3.2. Expected Return on an Individual Stock

The expected return is the sum of the expected excess return and the risk-free rate. Here,

we �rst focus on the expected excess return, and then extend our analysis to the expected

return by adding the risk-free rate. To decompose the expected excess return, we start

from the Euler equation, 1 = Et[mt+1(1 + r
A
t+1)], and use Et[mt+1] = 1=(1 + r

f
t ) and (7)

to have

Et[r
A
t+1]� r

f
t = �(1 + rft )covt

�
mt+1;

Ct+1st+1
CtPA�t

�
| {z }

(A)

�(1 + rft )covt
�
mt+1;

Ct+1P
A�
t+1

CtPA�t

�
| {z }

(B)

:

The expected excess return is decomposed into two parts, (A) and (B). Since Ct+1st+1 is

the next-period dividend from tree A and CtPA�t is tree A�s price today, (A) is the com-

pensation from the co-movement of a stochastic discount factor (mt+1) and the dividend

yield. Similarly, (B) is the compensation from the co-movement of a stochastic discount
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factor and the valuation growth. Both (A) and (B) can be numerically computed since

we have the stochastic properties of mt+1, Ct+1=Ct, st+1 and PA�t+1: Figure 6 depicts this

decomposition according to st.

Figure 6: Expected Excess Return on Tree A
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The expected excess return is the lowest when st = 0; and then increases for the

most range of st. This is because as st rises, tree A�s dividend has an increasing share

in consumption, strengthening the co-movement between tree A�s dividend growth and

consumption growth. This makes tree A less attractive, so it needs to be compensated

by a higher expected excess return. When st = 0:02%, the expected excess return is

3.9%, which is close to tree B�s expected excess return, 4.0% (not reported in the �gure).

The decomposition shows that a larger part of an increase in expected excess return is a

contribution from the valuation-growth component.

The risk-free rate is obtained from Et[mt+1] = 1=(1+r
f
t ). Adding this to the expected

excess return gives the expected return on tree A, which is depicted in Figure 7. The

risk-free rate is around 1.5% when st = 0. Then, it is decreasing as st rises. This

is because the consumption volatility increases as st rises for most of the range, as in
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Figure 1, strengthening the precautionary saving motives. The expected return on tree

A is inverse-U-shaped. When st = 0:02%, tree A�s expected return is 5.4%, which is

close to tree B�s expected return, 5.5%, illustrated in Figure 8. When st is low, tree A�s

expected return is increasing in st. This implies that a positive shock on tree A�s dividend

increases (future) expected returns. This implies a positive autocorrelation, which is a

possible source of the momentum. As st rises from 0 to 2%, the expected return also

increases from 5.4% to 6.2%. Figure 8 is a counterpart �gure for tree B. The expected

return is the highest when st is 0. This is because when st is lower, the share of tree

B�s dividend in consumption is higher, which strengthens the co-movement between tree

B�s dividend growth and consumption growth. Again, this needs to be compensated by a

higher expected excess return.

Figure 7: Expected Return on Tree A
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Figure 8: Expected Return on Tree B
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We can decompose the expected return in an alternative way. From the de�nition of

rAt+1, we have

Et
�
rAt+1

�
= Et

�
Ct+1st+1
CtPA�t

�
| {z }

(A)

+ Et

�
Ct+1P

A�
t+1

CtPA�t

�
� 1| {z }

(B)

:

Here, (A) is the dividend-yield component and (B) is the valuation-growth component.

They are depicted in Figure 9. The shape of the expected return is mostly driven by the

dividend-yield component. To obtain the intuition, recall that the P/D ratio is U-shaped.

The dividend-yield is the inverse of P/D ratio, so it is inverse-U-shaped. This determines

the expected return, which is also inverse-U-shaped.
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Figure 9: Expected Return on Tree A and Its Components
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An issue of our model is that it does not provide an empirically observed size e¤ect.

That is, smaller stocks tend to have higher expected return in data, but the prediction

of our model is the opposite. However, since we focus on an average individual stock,

we have assumed that dividend growth does not depend on st, ignoring the fact that

small �rms tend to have more volatile dividend growths. To capture the size e¤ect, we

have to allow the dividend growth to depend on st. See, for example, Menzly, Santos

and Veronesi (2004) for a similar approach. Or, we may consider several portfolios with

di¤erent stochastic properties of dividend growth, and solve our model several times to

approximate the solutions. We pursue this approach in Section 4.

3.3. CAPM � and C-CAPM �

The CAPM and C-CAPM betas for tree A, �CAPM;At � covt(r
W
t+1; r

A
t+1)=vart(r

W
t+1) and

�C�CAPM;At � covt(Ct+1=Ct; r
A
t+1)=vart(Ct+1=Ct), also depend on the current state, st.

Figure 10 depicts these betas. When st converges to 0, both betas converge to 1. Why?
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In (7), we derived 1+ rAt+1 = (Ct+1=Ct)
�
(st+1 + P

A�
t+1)=P

A�
t

�
. But when st is 0, st+1 is also

0. Also, since s does not change between t and t+1, PA�t+1 will be the same as P
A�
t . So we

have 1 + rAt+1 = Ct+1=Ct, which implies �
C�CAPM;A
t is 1. By the same logic, we also have

1 + rBt+1 = Ct+1=Ct. But when st converges to 0, r
W
t+1 converges to r

B
t+1. Hence, �

CAPM;A
t

is also one.

Figure 10: CAPM � and C-CAPM � of Tree A
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When st is relatively low (0 < st < 0:3 or 0:4), betas increase as st rises. Here, higher

betas are associated with higher levels of st, and hence with higher expected returns. This

is consistent with CAPM and C-CAPM theories: Portfolios that give higher expected

returns have higher betas. As st rises further from 0:3 or 0:4, betas decrease so that when

st reaches 1, betas reach 1. This is because tree A converges to the wealth portfolio and

tree A�s dividend converges to the consumption as st approaches to 1:

Are the predictions consistent empirical results? As st rises from 0 to 2%, the CAPM

beta increases from 1 to 1.1 in Figure 10. At the same time, the expected return in-

creases from 5.4% to 6.2%, as previously discussed. Hence, the predicted regression slope

of expected returns on CAPM betas is about 0.08. This value does not change by using
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expected excess returns. Empirically, Cochrane (2005, Chap. 20) reports a similar num-

ber. In an empirical �gure reported by Cochrane (2005, Chap. 20), an increase in the

CAPM beta from 0 to 1 is associated with an increase in the average excess return from

0 to about 8%. Hence, the slope is 0.08.5

3.4. Volatility of Returns

The volatility of the return can be decomposed as

vart[r
A
t+1] = vart

�
Ct+1st+1
CtPA�t

�
| {z }

(A)

+ vart

�
Ct+1P

A�
t+1

CtPA�t

�
| {z }

(B)

+ 2covt

�
Ct+1st+1
CtPA�t

;
Ct+1P

A�
t+1

CtPA�t

�
| {z }

(C)

;

where (A) is the variance of dividend yield, (B) is the variance of valuation growth,

and (C) is the covariance term. This decomposition is depicted in Figure 11. Again,

the valuation-growth component dominates. As st ! 0, the variance goes to in�nity.

Analytically, this is because the P/C ratio converges to zero while the variance depends

on the inverse of P/C. As st grows from 0 to around 0.1, the variance decreases to its

minimum at 0.8% (or a standard deviation of 9%). After that, the variance increases as

st rises to around 0.8, and then it decreases again.

When st = 0:02%, the standard deviations of tree A�s and tree B�s (not reported in

Figure 11) returns are about 10.1% and 4.1%. Hence, the volatility of tree B�s return

relative to tree A�s return is about 0.4. How do these predictions �t with the data?

Statman (1987) reports that the volatilities of returns on individual stocks and on stocks

in aggregate are 49% and 18%, respectively, making the relative volatility close to 0.4.

Hence, the relative volatility is correctly predicted by the model. But there are excess

(absolute) volatilities in data. The fact that our model fails to capture them, however,

does not come from introducing multiple trees. This is a well-known character of an

asset-pricing model with the recursive utility, in its simplest format.

5I skip a discussion on C-CAPM. There appears to be less concensus on C-CAPM estimations. For a
recent development, see, for example, Lettau and Ludvigson (2001).
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Figure 11: Variance of Return on Tree A
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3.5. Predictive Power of the P/D Ratio

Here, we study the model�s implications on a predictive power of P/D ratios (or dividend

yields, which are inverses of P/D ratios) on future returns. Menzly, Santos and Veronesi

(2004, p. 31, Table 5) run a pooled regression of industry-level returns on lagged divi-

dend yields. They report a slope of 2.9.6 Is our model able to generate this empirical

relationship? At a �rst sight, the answer appears to be no. As st rises from 0 to 2%, the

dividend yield increases from 3.3% to 4.2% in Figure 4. At the same time, the expected

return increases from 5.4% to 6.2% in Figure 7. This implies a slope of around 1, which

is lower than 2.9.

However, there are two important di¤erences between our model and the data. First,

6Slopes vary according to the set-up. For time-series analyses, Fama and French (1988) run a regression
of market-level returns on market-level dividend yields, reporting a slope between 2.6 and 7.7, depending
on the time horizon. Menzly, Santos and Veronesi (2004) also report a similar time-series result for
market-level returns.

25



our model focuses on an average individual stock (i.e., st = 0:02%), while the data are

based on well-diversi�ed portfolios (i.e., say, st = 0:1 or 0:2). Second, our model treats

all stocks identically, disregarding size, book-to-market and industry-level characteristics,

while the portfolios in data have them. Then, how can we extend our model to re�ect

them? I now consider an economy with 5 portfolios with equal weights (e.g., st = 0:2).

Portfolios are di¤erent in stochastic properties of dividend growth. Portfolio #1 has

the lowest expected dividend growth but the dividend volatility is also the lowest (which

corresponds to a portfolio of large stocks). Portfolio #5 has the highest expected dividend

growth but the dividend volatility is also the highest (which corresponds to a portfolio of

small stocks).

To be speci�c, each of the �ve portfolios has two possible states, �high� and �low�

dividend growths. So there are 25 = 32 states in the economy. There is an aggregate

shock: An economy is �good�or �bad�with probability 1/2, i.i.d. over periods. If the

economy is �good,�each portfolio has �high�dividend growth with probability 1=2 + "

and �low� dividend growth with probability 1=2 � ". If the economy is �bad,� each

portfolio has �high�and �low�dividend growths with probabilities 1=2� " and 1=2 + ",
respectively. Once the aggregate shock is realized, each portfolio�s dividend growth is

determined independently of each other and of periods. Portfolios #1, #2, #3, #4 and

#5 have expected (gross) dividend growths, 1, 1.01, 1.02, 1.03 and 1.04. From here, I

compare two set-ups. In the �rst, the portfolios have the distances between the expected

growth and realized growth of 0.02, 0.04, 0.06, 0.08 and 0.10, respectively. For example,

Portfolio #1�s dividend growth is either 0.98 (low) or 1.02 (high). For Portfolio #5, it

is either 0.94 (low) or 1.14 (high). Assuming " = 0:2, the (net) consumption growth

implied by this economy has an expected value of 2% and the volatility of 3.6%, similar

to calibrated values in Mehra and Prescott (1985). In the second set-up, the distances are

now 0.015, 0.030, 0.045, 0.060 and 0.075, respectively. I assume " = 0:4 to have similar

consumption volatility.

Our simple model of two trees and four economy-wide states is not able to analyze this

economy with �ve portfolios. However, we can provide approximated solutions by solving

the model �ve times, focusing on one portfolio at each. That is, at each time solving the
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model, two trees represent a portfolio and an (approximated) aggregate of the remaining

four portfolios. Appendix 2 discusses the method in detail.

The results are summarized in Table 3. In set-up 1, the portfolios have the dividend

yields ranging from 2.8% (portfolio #1) to 5.2% (portfolio #5). Expected returns range

from 3.2% (portfolio #1) to 8.9% (portfolio #5). This suggests a regression slope of

expected returns on dividend yields of around 2.4. In set-up 2, the slope becomes around

3.4. Therefore, our model is able to generate a predictive power of dividend yields on

future returns, similar to the ones reported by Menzly, Santos and Veronesi (2004).

Table 3: Predictive Power of Dividend Yield

(A) Set-Up 1 (" = 0:2)
Portfolio gjH gjL Dividend Yield Expected Return

(inverse of P/D)
#1 1.02 0.98 2.8% 3.2%
#2 1.05 0.97 3.4% 4.6%
#3 1.08 0.96 3.9% 5.9%
#4 1.11 0.95 4.5% 7.4%
#5 1.14 0.94 5.2% 8.9%

Slope: 2.4

(B) Set-Up 2 (" = 0:4)
Portfolio gjH gjL Dividend Yield Expected Return

(inverse of P/D)
#1 1.015 0.985 2.9% 3.3%
#2 1.040 0.980 3.2% 4.2%
#3 1.065 0.975 3.6% 5.7%
#4 1.090 0.970 4.0% 7.2%
#5 1.115 0.965 4.4% 8.4%

Slope: 3.4

An issue is that our assumed values for gjH and g
j
L for all j = 1; :::; 5 are arbitrarily

chosen, except that they provide a net 2% consumption growth on average. In other words,

we showed that our laboratory is able to generate reasonable features of the predictability,

but we do not know whether the laboratory has an environment that is close to the reality.
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What are possible solutions to this issue? First, we can further investigate whether our

laboratory can also provide other reasonable predictions. In the next section, we attempt

to generate the momentum pro�ts and compare them with the data. Second, we can �x

the assumed values for gjH and g
j
L so that the expected values and volatilities of portfolio

returns match reasonably with the observed ones for size-sorted, book-to-market-sorted,

and industry-level portfolios. I do not pursue this approach because, as discussed earlier,

our model does not match perfectly with the data, for expected returns and, especially,

absolute volatilies of returns. That is, in Table 2, the return volatility on wealth portfolio

is too low compared to the data, as in any application of an asset-pricing model with

the recursive utility in its simplest format. Also, the equity premium and the risk-free

rate are relatively reasonable, but still do not match perfectly with the data, making it

di¢ cult to use observations on portfolio returns. More sophisticated models as in Bansal

and Yaron (2004) will be useful to pursue this approach.

4. Momentum

Lewellen (2002, p. 543) decomposes the momentum pro�t into three sources: (i) a positive

autocorrelation of stock (or portfolio) j�s returns, (ii) a negative cross-serial correlation

between stock j�s and stock i�s returns (j 6= i), and (iii) the levels of unconditional

expected returns. This section is organized as follows. First, we go back to the benchmark

case in which tree A represents an average individual stock, and consider two sources, (i)

and (ii), to understand whether there is a momentum for tree A. I �nd that both sources

can be relevant. Second, we now consider a 5-portfolio economy as in Table 3. There are

two reasons why we do this. First, it is not easy to generate the momentum from the

benchmark because we have not introduced cross-sectional di¤erences in individual stocks.

That is, we are now adding �source (iii)� to obtain a more reasonable result. Second,

Lewellen (2002) reports that well-diversi�ed portfolios provide stronger momentum than

individual stocks, so it is reasonable to focus on well-diversi�ed portfolios. As Lewellen

(2002) computes the momentum pro�ts from the data, we follow the same way in our

�laboratory.�
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We start by computing an autocorrelation of tree A�s returns to study �source (i)�.

We obtain the slope in a regression of rAt+2 on r
A
t+1, that is, covt(r

A
t+1; r

A
t+2)=vart(r

A
t+1) =

covt(r
A
t+1; Et+1[r

A
t+2])=vart(r

A
t+1). Again, the momentum coe¢ cient depends on the current

state, st. Figure 12 depicts this slope according to st. When st converges to 0 or 1, the

autocorrelation converges to 0 because the model collapses to a one-tree model and does

not provide any diversi�cation motives. Between 0 and 1, we see some autocorrelation,

positive or negative. When st = 0:02%, it is positive, although close to zero. The fact that

it is positive implies that �source (i)�can be relevant. The fact that the autocorrelation

is close to zero is not surprising because it converges to 0 when st approaches to 0. Still,

if it is close to zero, then �source (i)� is perhaps not important for the momentum. In

fact, Lewellen (2002) reports that the annual autocorrelations of returns on individual

stocks and portfolios are not statistically di¤erent from zero, or in many occasions, even

negative.

Figure 12: Autocorrelation of Tree A�s return, covt(rAt+1; r
A
t+2)=vart(r

A
t+1)
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What does the model imply for �source (ii)�? Figure 13 shows the regression slopes

of tree A�s returns in t + 2 on tree B�s return in t + 1, i.e., covt(rBt+1; r
A
t+2)=vart(r

B
t+1).
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The nature of numerical solutions provides some noise in the �gure, but we can see a

clear trend that this cross-serial correlation starts at 0 when st is 0, remains negative

when st is small, then increases to a positive value as st rises, then decreases back to a

negative value, and �nally recovers to 0 when st reaches 1. When st is small between 0

and 2%, the cross-serial correlation is negative. This implies that �source (ii)� is found

in our model. Qualitatively, this is consistent with Lewellen�s (2002) empirical result

that cross-serial correlations of returns are mostly negative. Notice that in our model,

the cross-serial correlation of dividend growth between trees A and B is zero, but the

cross-serial correlation of returns is negative. That is, a negative cross-serial correlation

of returns arises as a result of the diversi�cation motives in an equilibrium.

Figure 13: Cross-Serial Correlation of Returns, covt(rBt+1; r
A
t+2)=vart(r

B
t+1)
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While we �nd that sources (i) and (ii) are present in our calibration, the model does

not clearly distinguish the two sources. That is, it provides little guideline to determine

whether Figure 13 is simply another way to present Figure 12, and vice versa. Eventually,

the validity of our claim, that diversi�cation motives can derive the momentum, can be

more fundamentally understood by studying whether the model can generate the levels
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of momentum pro�ts empirically observed. We now investigate whether our �laboratory�

which generated reasonable regression slopes of expected returns on dividend yields in

Subsection 3.5 is also able to generate the momentum pro�ts. In Lewellen (2002), portfolio

j�s weight in year t+1 is formed by wjt+1 = (1=N)(r
j
t � rWt ), where N is the total number

of portfolios (between 5 and 25) and rWt implies a period-t return on wealth portfolio.

Based on these weights, we consider a momentum strategy, investing $1 long and $1 short,

respectively. From May 1963 to December 1999, this strategy generates an average pro�t

between $0.035 and $0.056 (interpreted from monthly pro�ts on value-weighted portfolios

reported in Lewellen�s (2002) Table 2).

We study the 5-portfolio economy previously considered. Hence, the model now in-

cludes �source (iii)�which we could not include in our benchmark calibration. A computa-

tion of the momentum pro�ts is sketched in Table 4. Notice that there are 64 �scenarios�:

There is an aggregate shock, �good�and �bad�, and once it is realized, there are 25 = 32

states. The probability that the �rst scenario occurs, in which the economy is �good�

and dividend growths for all �ve portfolios are �high�, is (1=2)(1=2 + ")5 = 8:4%. For

each scenario, we can approximate the stochastic movements of portfolio returns as in

Subsection 3.5. For example, consider portfolio #1 as tree A and all others as tree B, in

set-up 1 (i.e., " = 0:2). Solving our two-tree model, four possible values of rAt+1 are 5.6%

(in which tree A has �high�dividend growth and the economy is �good�), 4.5% (�high�

tree-A dividend growth and a �bad�economy), 1.5% (�low�tree-A dividend growth and

a �good� economy), and 0.9% (�low� tree-A dividend growth and a �bad� economy).

Also, our model also provides the values for E[rAt+2jrAt+1; st = 0:2], which are 3.2%, 3.0%,
3.1% and 3.1%, respectively. These values can be obtained for all other portfolios. Since

we know all possible returns in t + 1 and all possible period-(t + 1) expected values of

period-(t+2) returns, we can now organize them for each scenario and construct Table 4.

Then, we can �nally obtain the expected momentum pro�ts for all scenarios. In the �rst

scenario, the pro�t becomes $0.05. The average on all 64 scenarios is the one we compare

with Lewellen�s (2002) Table 2.
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Table 4: (A Part of) Computation of Momentum Pro�ts
(Set-Up 1: " = 0:2)

Prob. Agg. Dividend rjt+1 E[rjt+2jr
j
t+1; Momentum Expected

Shock Growth st = 0:2] Portfolios Pro�ts
8.4% �Good� P#1: �High� r1t+1 = 5:6% = 3:2% (j = 1) Long: $0.05

P#2: �High� r2t+1 = 8:8% = 4:6% (j = 2) P#4: $0.34
P#3: �High� r3t+1 = 11:8% = 5:9% (j = 3) P#5: $0.66
P#4: �High� r4t+1 = 15:1% = 7:4% (j = 4) Short:
P#5: �High� r5t+1 = 18:1% = 8:8% (j = 5) P#1: $0.67

P#2: $0.32
P#3: $0.01

... ... ... ... ... ... ...

The momentum pro�t predicted by our model is $0.010 for set-up 1 (" = 0:2) and

$0.059 for set-up 2 (" = 0:4). Hence, the pro�t for set-up 2 is close to what Lewellen

(2002) reports. One may argue that set-up 2�s " = 0:4 appears too high (even though I do

not �nd a clear guidance on a reasonable value of "). Then, it is true that in set-up 1 with

a lower level of ", the momentum pro�t is only 18%�29% of empirical levels. I argue that
even set-up 1�s result is not discouraging. Again, the return volatility in our model is low

compared to the data, as shown in Table 2. But the momentum arises because returns

are volatile, having di¤erent values across the states, as shown in Table 4. Our model

predicts too low such volatility. Ultimately, a way to overcome this issue is to consider a

model which perfectly predicts the risk premium, a risk-free rate and the volatility, which

seems not easy (but probably not impossible) at the current point.

We can further improve our analysis on the momentum as follows. First, our solution

is based on a two-tree economy, so we approximated the solutions for a �ve-portfolio

economy by solving the model �ve times. It is possible to extend the model to consider

a general N -tree economy for more straightforward discussions. Second, we conducted

experiments for " = 0:2 and " = 0:4, but we will be able to generate more reasonable

predictions with the parameter values that we may observe in data.
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5. Concluding Remarks

I provided a numerical solution to a general-equilibrium asset-pricing model with a rational

investor, the recursive utility, two trees, and a complete market. New predictions on

cross-sectional properties of individual stocks or portfolios �t reasonably with the data.

A sizable momentum pro�t is generated. A reasonable regression slope of returns on

lagged dividend yields is also generated.

The study has several possible extensions. First, like other studies using the recursive

model in its simplest format, our model does not provide perfect matches with the equity

premium, a risk-free rate, and especially, the return volatility. Extending a tree-model to

an orchard-model does not help to solve those puzzles. Related, our calibration is forced

to assume a high level of risk aversion to provide plausible results. Introducing a more

sophisticated set-ups, as in Bansal and Yaron (2004), may improve the performance.

Second, our assumption, i.i.d. dividend growth, is simple and transparent, but can be

modi�ed to match better with the data. For example, dividend growth can be allowed to

depend directly on size, as in Menzly, Santos and Veronesi (2004). Also, Cohen, Polk and

Vuolteenaho (2003) report that dividend growth is not i.i.d. over time, which can also be

assumed in our model.

Third, our solution is not based on a steady state. We can introduce "birth" and

"death" of �rms to have a steady state in the solution, which provides a theoretical

advantage. See a discussion in Cochrane, Longsta¤ and Santa-Clara (2008).

Fourth, it is possible to increase the number of trees and states to provide more

straightforward discussions.

Fifth, other preferences, such as the habit formation, can be analyzed in a similar way.

That is, we may extend Menzly, Santos and Veronesi (2004) to investigate whether the

momentum is generated.

Sixth, the orchard model can be extended to consider the stock markets of multiple

countries.
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Appendix 1: From Many Individual Stocks to Two
Trees

This appendix describes how we can use a two-tree orchard to analyze many identical
stocks in an economy with an aggregate shock.
The orchard consists of N identically distributed trees whereN is large. For simplicity,

all trees have the same fruit shares at period t. In other words, Dj
t is identical for all

j = 1; 2; :::; N . There is an aggregate shock, i.i.d over time. That is, the economy is
�good�with probability 1/2, in which the dividend growth of tree j between t and t+ 1
follows

Dj
t+1

Dj
t

=

�
gH (high) with probability 1=2 + "
gL (low) with probability 1=2� "

;

for some constant ". The economy is �bad�with probability 1/2, in which the dividend
growth of tree j follows

Dj
t+1

Dj
t

=

�
gH (high) with probability 1=2� "
gL (low) with probability 1=2 + "

:

The �rst out of these N trees is tree A. An aggregate of the remaining N � 1 trees is tree
B. How can we characterize tree B? If the economy is �good�, then a fraction 1=2 + " of
N � 1 trees have high growths and a fraction 1=2� " have low growths. Since N is large,
this implies

DB
t+1

DB
t

=

PN
j=2D

j
t+1

(N � 1)Dj
t

= (1=2 + ")gH + (1=2� ")gL:

Similarly, if the economy is �bad�,

DB
t+1

DB
t

= (1=2� ")gH + (1=2 + ")gL:

Then, there are 4 states: In state #1, tree A has high growth at gH , and tree B also
has high growth at (1=2 + ")gH + (1=2 � ")gL. And state #1 occurs with probability
(1=2)(1=2+ "). In state #2 which occurs with probability (1=2)(1=2� "), tree A has high
growth at gH , but tree B has low growth at (1=2� ")gH +(1=2+ ")gL. In state #3 which
occurs with probability (1=2)(1=2� "), tree A has low growth at gL, but tree B has high
growth at (1=2+")gH+(1=2�")gL. In state #4 which occurs with probability (1=2)(1=2+
"), both tree A and tree B have low growths at gL and (1=2 � ")gH + (1=2 + ")gL. This
situation matches with Table 1 with �1 = �4 = (1=2)(1=2 + "), �2 = �3 = (1=2)(1=2� "),
gAH = gH , g

A
L = gL, g

B
H = (1=2 + ")gH + (1=2� ")gL and gBL = (1=2� ")gH + (1=2 + ")gL.

The description so far justi�es the two-tree orchard that we quantitatively discuss in
the main text, with some restrictions we obtained so far (which are used for the calibra-
tion). In addition, it also implies that once we identify three constants, ", gH and gL (as
well as the number of trees, N), then the entire orchard is identi�ed.
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Appendix 2: From Five Portfolios to Two Trees

This appendix describes how we can use a two-tree orchard to approximate a 5-portfolio
economy, where portfolios have di¤erent expected values and volatilities for dividend
growth, in an economy with an aggregate shock.
The orchard consists of 5 trees. For simplicity, they have identical shares of 0.2 at

period t. In other words, Dj
t is identical for all j = 1; 2; :::; 5. As in Appendix 1, there is

an aggregate shock, i.i.d over time. That is, the economy is �good�with probability 1/2,
in which the dividend growth of tree j between t and t+ 1 follows

Dj
t+1

Dj
t

=

�
gjH (high) with probability 1=2 + "
gjL (low) with probability 1=2� "

;

for some constant ". The economy is �bad�with probability 1/2, in which the dividend
growth of tree j follows

Dj
t+1

Dj
t

=

�
gjH (high) with probability 1=2� "
gjL (low) with probability 1=2 + "

:

Notice a superscript j in gjH or gjL, implying that dividend growths are allowed to be
di¤erent across portfolios.
Label tree #1 as tree A. Label an aggregate of the remaining 4 trees as tree B. Tree

B�s dividend growth has 24 = 16 possible values, so our current model is not able to
fully analyze the situation. To approximate it, we can compute the mean and standard
deviation, and assume tree B�s dividend growth has two possible values that satisfy them.
Denote those values by gBH and g

B
L . Now the economy has 4 states: In state #1, tree A

has high growth at g1H and tree B also has high growth at g
B
H . It occurs with probability

(1=2)(1=2 + "). The remaining 3 states can be similarly described. From here, we solve
the model to compute the dividend yield and expected return for tree A, when st = 0:2.
We repeat the same procedure for tree #2, #3, #4 and #5.
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