MATHEMATICAL APPENDIX

A. The Model

The representative consumer solves

> _a(C@)/L()
o A e U
subject to
(A) K(t)=|1—arx — (1 —a)mp + %] Y(t)— (14 70)C(t) — ox K(t),
(B) h(t) = B(t) [w(t)h(t)]* h(t)* — (8 + gr)h(2),

for all t > 0, with A(t) = gaA(t), B(t) = gpB(t),and L(t)
(K(0),h(0),A(0), B(0), L(0)) and {h(t)} for t > 0.

Notice that the human capital production function is B(t) [u(t)h(t)]® h(t)?. It was
To B[At)u(t)h(t)]? h(t)? in the previous draft, which is still a special case that is
considered in the current draft.

= guL(t), given

B. FOCs

Since A(t) = e94'A(0) and B(t) = e95'B(0), I have

B(t) — elyB—ga)t (0)
A(t) A(0)”
(t) gB—gA tﬁ((gg A(t)
Write (B) as
(gB*QA)tB<O)

h(t) = mfl(t) [u(®h(O)]” B()" = (6 + gr)h(t).

First, find how the problem can be transformed into an intensive form.
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2o [uAﬁ—lh} |45-12] )
- (95— - — (On + gL)h
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- e—(9B—ga)t AB—2—(8-1)(¢+0) - (5h + gL)h

e So the intensive form works if e~ (98-94)t AB=2=(-1)(¢+9) ig constant. This holds if

—(98 —94) +9a(B =2~ (B —1)(¢ +0)) = 0.
So ga(B—=2—(B—=1)(¢+0)) =g — ga.
805—2—(6—1)(¢+9)—9—A—1

SoB(l—¢—0)+(6+0) =28 +1.

QA
So B(1 — ¢ — 9)_g—+1—¢—9.
1
Sof= P+ L

e In the previous draft, the human capital production function was B [A(t)u(t)h(t)]? h(t)°.
This is a special case of the current version’s function, B(t) [u(t)h(t)]” h(t)?, in which
B(t) = BA(t)?, implying g5 = ¢g4. Plugging this into the above equation, I have
B = %17;9 +1= ﬁ +1= %. This is the same as in the previous draft.




e In other words,

C
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e This implies
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e So
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e Therefore,
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e Also,
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where .
gB
=p—gi| 22— +1)(1—0)—gs.
n=p gA(gA1_¢_0+>( o) —grL

n > 0 is satisfied with calibrated values.

e Set up Hamiltonian with this objective and (A) and (B):

H: cl—a
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e FOCs are
(1) Hc - 07
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e So
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e And
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Now I incorporate the first two terms:
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e And
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e And
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e To summarize,
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(A) k= |d+ s(1—a)| kY[(1 —w)h]*™ — (1 +7¢)c — ek

1—u
< _ .t ~
(B) h = Bu®h®h — fh
C. BGP
BGP: Assume all variables grow at constant rates (or stay at constant levels).
<Step 0> (1) implies

PR
==

C

1
So (1) g. = —;g,\.

<Step 1> (B) implies that after h = h is imposed,

= Bu®h?t01 — f.

= >

(B')

Here, I further assume that u is constant. If u has a strictly positive growth rate,
then it will eventually violate u < 1. If v has a strictly negative growth rate, then it
will converge to 0, which is not consistent with data. Assuming u is constant, the
above equation implies that I either have ¢ + 0 =1 or a constant h. Recall that I
already assumed ¢ + 6 < 1, implying that is i constant.

To see that & is constant in another way, consider (B) after imposing h = h:
(B) h = Bluh)”h’ — (0, + g1)h.

So gr, = Bu®h®™0=1 — (6, + g1).

This implies
gB+(¢+9—1)gh:0
on BGP. This implies h = —pzt— = h = h - h

9B 9B _ 1 9B apnt
A9A1-9-0 (const)e”4 94 T—p—8" (const)eT=6—0" (const)e

which is constant.

So 92 = U Hence, )
(B) g; =0 = Bu?h?to~! — f.



<Step 2> (3):

u

(3) A ([d + (- a)] ak® (1 — w)h]' e — e) — A — A

—Uu

u

@) [a+ st = o a0 i e =0 -

1—u

So k/ h should be constant, implying that .

<Step 3> (A):

u

(A k=0= {d%— | s(l—a)] k(1 —w)h)' ™ — (14 7¢)c — ek

—Uu

Since everything else is constant, ¢ should be constant, implying that

ge=gr =95, =0/

<Step 4> (2) implies that after h = h is imposed,

- _ ~ =0
(2) — A {d —s— 10‘3“ } (1 — a)k*(1 — u) A + pBu® 'h*h =0
— U
(2) A [d s f‘f“u] (1 — a)k®(1 — u)~ R~ = pBu® the+?

Since everything else is constant, .

But recall that from (1’), g. = —%g)\. Finally,

9e=9r = 9;, = 9 = g = 0}

D. Elimination of \(t) and u(?)

From (1), (1'):
(D) e 7=1+7c)A, (1) g.=0.

This can be used to eliminate \.

From (2'):
(2)) A [d s lo‘f“ } (1— a)k®(1 — u) =R~ = pBu® 1he+
@) [d—s— 2] (1 - oz)~k:°‘(1 —u)"ohl _n
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e From (3’): A is eliminated as

(3) {d+1ﬁu (1—04)} kKe[(1 — w)R]ie e:n—é
) [ st - () e
.o (4):
(4) A [d+ 1fus(1—a)] k(1 —u) (1 — a)h ™ + p Bu%iﬁlﬁe—f] = — fi
g0 2 [d+ 1f (1_04)} E(1 = ) (1 — )i + Butoh®'h — f =
i u
Using (27),

[d + 72-s(1 — oz)} E(1 —u)t=2(1 — oz)ﬁ_a
[d—s— 2= ](1—a)k* (1—u) Rl
Boué—1ho+0

Bou®h*+0 [d + 1s(1 — )] k(1 — u)'=%(1 — a)h @
[d asu] (1 — a)k*(1 —u)~ apl-a
Bu®~1po+0-1 [d+ tos(l—a) k(1 —w) (1 —a)h
So = Bu?¢ph —f=
[d—s— 2] (1 — a)ko(1 — u)—oh—o B f=n
[d+ 22 s(1 — )] k(1 — u) (1 — ?4)71_“
[d—s— 2] (1 — a)k*(1 — u)~*h~*

L+ Buteh ol — =

So + Bugh?tot — f =1y

So Bou?~theto-1 +ul —f=n



The part in [| becomes

[d+ 7=s(1— )] (1 —u)

+u
d— g — asu

1—u
[d+-s(l—a)] —uld+ 7-s(l — )] +u[d— s — 24
-
_ [0+ s - o)) s - a)] u[-s — ]
-5 =
ot sl = 0) —upts(l - ) = su— uge
=i
u—asu—su? u?—sutsu?—asu?
B d+s SUu—s +a157u su+ts as
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degm
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(47) B¢u¢—1ﬁ¢+9—1d% — f =
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e Take (A) and (B’)

u

s(1— a)} E*[(1—w)h]'™™ — (1 4+ 70)c — ek

(A) 0= [d+ :
(B’) 0 = Bu®h?*0—1 — f.

e Situation: I had 6 egs. I eliminated A and p. I now have 4 egs:

(37) [d+ : s - a)} a(l — u)ie (%)al —e=1

— U
_ - d— g
(&) Bou ™ot ot — [ =)

1—u

u

(A) {d + s(1— a)} k(1 —w)h)' ™ — (14 70)c— ek =0

1—u
(B)) Bu®h?™~1 — f =0

e Existence and uniqueness of solutions: Given all other constants, the representative
consumer chooses u, k, h and c. Now I see whether the solution exists and is unique.
Plugging (B’) into (4’),

fod—i= _
gbud—%—s f=n



The first task is to show that this has a unique solution, u. Rearranging,

d(l1—u)—asu  f+n
(d—s)(1—u)—asu  f¢ v

The LHS is a continuous function. Since d = 1 — atx — (1 — o)1, > 0 and s > 0,
LHS is a function, decreasing from d/(d — s) > 1 to 1, for 0 < u < 1. To see this,
make a first derivative wrt u:
—d—as [d(1 —u) — asu](—d + s — as)
(d—s)(1—u) —asu [(d—s)(1 —u) — asul?
[(d—8)(1 —u)—asul(—d— as) — [d(1 —u) — asu](—d + s — as)
[(d—s)(1—u)— asul?
[d—du— s+ su— asul](—d — as) — [d — du — asu](—d + s — as)
[(d—s)(1 —u)— asu)?
_d—du— s+ su—asul(d+ as)+ [d— du — asul(—d + s — as)
[(d—s)(1 —u)— asul?
d*> — d*u — ds + dsu — adsu + ads — adsu — as® + as*u — a?s?u
- [(d—s)(1 — u) — asul?
—d? + d*u + adsu + ds — dsu — as®u — ads + adsu + a?s?u
[(d—s)(1 —u) — asu)?

—0182

R

e The RHS changes from 0 to (f +n)/f¢. Therefore, u has a unique solution in (0, 1)
if and only if

(f+m)/fo>1

By definition, f = 6, + g + 1‘_1’310 > 0 and ¢ > 0. So this is equivalent to

(Condition 1) f+mn > fo.

e Once a solution 0 < u < 1 is given, (B’) gives a strictly positive solution for h:

1
- f T

e Then, (3”) gives a solution for £ through:

1

e e+n o
e ([d+ sl = a)] a(l—wl_a) |
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This solution is strictly positive if and only if

(Condition 2) e +1n >0

e Finally, (A) gives a solution for ¢ through

u

{d + s(1— a)} k(1 —u)h)t ™ — ek = (14 7¢0)c

1—u

e So the solution for c is strictly positive if and only if

S

{d—l— e >e

s(1— a)} (1 - u)

1—u
_1

= -« —u et e e
So ld+1_us(1 )}Kl )<[d+ﬁs(1—a)}a(1—u)1a) [ >

u

-« — )t etn e
So [d+1—u8(1 )M ) ([d+ius(1—a)]a(1—u)1"‘>>

1—
So <€+77> > e
a

(Condition 3) e +n > «e

Since ae > 0, Condition 3 is more strict than Condition 2.

Proposition 1: The solutions for the consumer’s problem on the balanced growth
path, ¢ >0, k>0, h >0 and 0 < u < 1, exist and are unique if and only if

f(l—¢)+n>0.
e(l—a)+n>0.

e These two conditions imply

1
(5h+gL_1+j_0> (1=¢)+p>ga (z—jm+1> (1—0)+9gc.

1 1
{5K+<Z—jm+l>%+g4 (1—Oé)+,0>gA(Z—jm+1> (1—0’)+gL.

These conditions are satisfied under the benchmark calibration result.

e E. Recovery of Original Notations
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e Recall:

C
C=—3 1 )
AsaT=o=0 1l
9B 1
c = - 1 -
ge = 9o <gA1_¢_9+)9A gL
K
k= -
AsaT=o=0 1],
- h
h = 98 __ 1
Aogal-6-0
9B 1
—p— 2 1) (1=0) =
n=p gA(gA1_¢_9+>( o) = gr,
d=1—arg — (1 — o)1,
9B 1
) = 1
9B
=9
f h+gL+1_¢_97
_ B(0
5o 20
A(0)9a
e Part 0/4: Regarding ¢ above
9B
—g+(B—— 41
gc g+(gA1_¢_0+ >QA+9L

9B
:O _—
—I—gA+1_¢_9—|—gL

e But in Step 1 of "C: BGP", I showed gg + (¢ + 60 — 1)gr, = 0. So

gc = ga+gn + 9L

Similarly,
9k = ga+gn+ 9L

So from the production function Y = K*[A(1 — u)hL]*~%,

gy = agg + (1 —a)(ga+gn+9r)
=4ga+9n+ 9L
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Part 1/4 (Regarding (3”)): Let’s start with (3”):

(37) [d+ 3 Yos(1— a)} a1 — u)t-e <%)al —e=1

So
K a—1
U A
l—arg — (1 —a)r, + s(l—a)|a(l—u)~* | &——+=
l—u - —
A9A 1-¢—0
9B 1 9B 1
- 9B~ 4 g (1) (1-0)—
K+(g,41—qb—9+ >9A+gL+p 9A<9A1_¢_0+ )( o) — gL
So
u K a—1
— —(1— — 1 — )l [ =
[1 atk — (1 a)TL+1_us(1 a)}oz( u) (AhL)
9B 1
=0 _— 41
oo (S 1)
So

[1 —atg — (1 —a)r, +

9B 1
- gB__ - g
p+gAa<9A1—¢—9+ )

In Part 0/4 above, I showed gc — g1, = ga + gn. In Step 1 of "C: BGP", I showed

95 + (¢ +0 —1)gy = 0. Hence, gc — gr = ga + 1-%=;. Hence,

(11—_047);111 K(;Y

(11_ —afisu} K(;Y ~ 0k

l—arg = (1—a)7 + — 0k =p+0o(go—gr)

This is an Euler eq!

Since K /Y is constant (which is clear from Part 0/4), I will treat (K/Y) as constant:

37) p+ (g~ 90) = 1= ame — (1= @)y + L] by
I T S
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The second eq. is the definition of r. (Simply, r =MPK before tax.)

Part 2/4 (Regarding (4°)): Now (4'):

o d — asu
(4) Bou® o+ — = — f =1

- -
So
BO) . s h T 1 —ark — (- o) — 5
gj¢u 9B _ 1 1 — — (1= _ asu
A(0) 54 A 1=6-0 atg — (1 —a)rp — %% — 5
9B 9B 1
=4 — B g (B t1)(1-0) -
ntgt gt 9A<gA1_¢_0+ )( 0) — 9L
So
B(OE?B ¢u¢—1h¢+6—1A% I —arg — (1 B a)TL ;ng%
A(0) 74 l—arg —(1—a)r, — % — s
gBo
= 1—
h+1_¢_9+0 ga(l —o)
So
1—arg — (1 —a)m, — % B(Og) ¢u¢—1h¢+e—1A§%ﬁ -
= amg— (L= a)m — 222 —s 40)%
- +p+ gao

Again, g — g, = ga + 1% (as L used in Part 1/4), so

l—arg —(1—a)rp — & B(0)

U

g
Gut T hOH I AL — 8+ ga

1 —arg —(1—a)r, — 2% — SA(O)%

=p+o(gc—9r)

Recall that in "B: FOCs", I assumed B(t) = e(gB_gA)t%ggA(t). Hence,

B(0) ez AOB e B 4%
g 9A = 5 g4 —= — :
A(O)ﬁ e(QB—gA)tA(O)ﬁA elg—ga)t A(O)ﬁ_l
— L69A<%*l>t - B

eldp—ga)t
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implying that

asu

Lome Z (Um0 pyeaperot g 4y,
N——

asu
(a)

l—arg — (1 —a)r, — £

=p+o(gc—gr)

e What is (a)?: Recall
h =B (uh)’k — (6, + gi)h.

The human capital production function is B (uh)(ﬁﬁe. So MPH is
B¢u¢—1h¢—1+9
after h = h is imposed. This is (a), i.e., MPH in human capital production.

e One may ask whether this MPH is based on per-capita human capital stock, not
aggregate human capital stock, so it is not comparable to the MPK (interest rate).
It turns out that MPH based on aggregate human capital stock is still the same. To
see this, I multiply the H accumulation by L:

H = B (uhL)® (RL)’ L}~ — 6,H.
The MPH is therefore
B¢ (uhL)qﬁ*l (EL)OLl—qS—G — B¢u¢_1h¢+‘9_1
which is the same as before.

e Write it with (3"7):

e e

1 — AT — (1—0&)7’L— ?su
_ —U B (f)flh‘(]ﬁ‘l’o*l o 5
p Pu +ga —0p

1—@TK—(1—Q)TL—%

e So

(a function of consumption growth) = (net interest rate) — dx
= (net MPK in Y production) — dx
= (net MPH in H production) + g4 — ,,
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("Net" means after-tax-and-subsidy.)

I can also manipulate the FOCs to relate (MPH in Y production) to here.

From (27):
- [d—s— 2] (1 —a)k(1—u)"hl™>
#) Boud—1ho+0 DY
G ==l —ap-w ke,
Bopus—1ho+o-1 A
So
_ _ _ _ o _ asu _ K _ —a h -
[1—amk—(1—a)r,—s— 2% (1—a) (_Azﬁem+_lL) (1—u) <—A§§1ie) p
P+o—1 =
2 put 1 |
A(O)ﬁ Aﬁ T—¢—0
3 1—ark —(1—a)r, —s— &%) (1 — o) K*[A(1 —uw)hL]™® o
%A% pud—1ho+0-1 A
A(0) 94
So
_ B0) &
l—amk—(l—a)r —s = 7— } (1—a)K°[A(1 - wh1] " =& ()4 om0
— A(0) 74
So
_ B(0) &
1CO‘TK —(1- 01)7'5— ajuu £1 —a)K*[A(1 — u)hL] ‘i: % ( szgA Put LR+ s
lost du;,to taxes \(/)_/ ;; A(O) 94
(a): Lost due to distortions resulting in physical capital income due to subsidy.

Recall that w; is the wage rate per effective human capital. That is, 1 unit of human
capital earns A;w;. To interpret this equation with human capital, I multiply both
sides by A to have

_ B(0
WU 41— a) K@ [A(L — whr) = £ B0

=w

l—arg—(1—a)r —

J/

~~

(b)
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LHS: net MPH (after taxation/subsidization) in goods production, in units of Y.

(c) of RHS: subsidy when additional 1 unit of H is used for H production, in units
of Y.

(b) of RHS: Recall that the MPH in human capital production is Bou®~th**0=1 1
can rewrite (b) as

g 94
94
A(O) A -~ #  MPH in H production
(d)

But what is (d)?:

BO) [ AN 1 um 1 g X
B
Rewrite the above as
%A Bous~1po+o-1
S

MPH in H production
Therefore,

i
==—A
A

is the unit value of H in units of Y. I have

V; = V(0)e9At = Vpedat,

Now I have

asu

l—arg —(1—a)r, — Aw = VBou® T hT 4 s Aw

—u
where

w=(1-a)K*[A(l —u)hL]™®
= (1 — a)(K/Y)/0=e)

since Vi/ K, = K ' [Ai(1 — w)hy L)'=, so (K/Y) = K ~*[A(1 — u)hL,]* ", s0
K& [A(1 — ug)he L) = (K/Y)*/ (=),
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e So

asu

[1 —amk = (1= a)m = — u} A(l — a)(K/Y)™/ (=)

= VBouLho0-1 1 sA(1 — a)(K/Y)™/ (=)

e Now write everything (as in (3””)). At period 0, and assuming Ay = 1 without loss
of generality,

[1 —ami — (1 - @)y — <o } (1 - ) (/Y™ = VyBogu? 1§ 0!
u

SO

(3") p+o(9c—91) = |:1_OZTK—(1—04)TL+%:|T—(SK

(1—a)su] «

— |1 —ame —(1— 5
[ atg — (1 —a)7, + T, KJY K
l—arg— (1 —a)rp — &4

_ K ( )L a;;u ¢U¢_lBoh§+B_1+gA—5h
l—arg — (1 —a)rp — £ —

1 —a)(K/)Y)~/0-a)

:[1—aTK—(1—a)TL— QSU}( ) (K/Y) + g4 — 0p,

1—wu o

That is,

(a function of consumption growth) = (net interest rate) — dx

net MPK in Y production) — dx
net MPH in H production) 4+ g4 — 4y,

o~ o~~~

net MPH in Y production) + g4 — dj,
e Part (3-4)/4 (Regarding (A) and (B’)): Finally (A) and (B’):

(4) [d+ - —s(1—a)| K1 =W = (14 7c)e — ek =0

(B’) Bufh?*0~1 — f =0
e For calibration, it is convenient to write them as
K=1-6kK

, Y I 1
SO(A)QK—gy— K—K/Y—5K

This is eventually the same as (A).
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e Similarly,

(B) h = Bluh]”h’ — (6, + g1)h.
So g = Bu®h?™™t — (6, 4+ g1).

At t = 0, it becomes
gn = Bou¢hg>+971 — <5h + gL)

e I showed gy = gc = ga + gn + g1. So
(B”) go — g4 = u’Boh$ ™"~ — 4,
This is eventually the same as (B’).

e [ put together all equations:

(i)gK:W_(SK

(11) go —ga = u¢ [Bohg+a_1] — 5h

(ifi) p+ 0 (9o — gu) = [1—()@— (1-Ww%} r— o
(iv) = [1 —arg — (1 — o) + <11__O‘ZS“} Kj‘y e

asu

o Boh ! + g4 —

l—arg—(1—a)r, —

(v) =

S l-arg — (1 —a)m —

asu
1—u

asu | (1 —a)(K/Y)*/(-e)
e

_—)
1= u + ga h

(vi) = {1 —atg — (1 —a)rp —
e Notice that for growth rates, I also have

(vil) gy = 9c = gk = 94+ 9 + g1

and
(viii) g + (¢ +60 —1)g,, =0
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